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"IIIIIzation a r e x → :

1 . D e f i n e A N f.
'

( M ) f o r S t M : A by induction o n A . .

E x : ANA,→ A ,
I t HNA,→ ANA, e t c .

,

where H a ? Ca>( s ) ( M ) i f f

f o r a l l A ' E s
ca?' ( M i ) s

Cat capon,m i s )

2 . F TC R i . I f f t M : A t h e m f o r a l l 1 , /By
i i d o n

typing d e n .

i f H Nf ( I ) , t h e n
H Nad ( A f m ) ) :

-

3 . Pas-de-deux :
→ a ) HE} (Y ) nip lies

ftp.guy/U::=xOlU.1Iu#/

b) HNL. (M)
implies Mno rmp .

-44.471¥
C o r ; HNf.li!): Cor f t M I A s Menormp .
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HE'a'" ( x )

i f HE},← a , ( U ) t h e n HEE, CU. i ) i s 4 2

i f HE#→
*
( u ) a n d HNL, cm) t h e n HEL, (afar,11)

¥ ) ÷ .
Classical u s e i s i n a d e c p r o c f o r

yNDEFINITIONAL EQUIVALENCE

(also need c o k e )

t o decide f t M E N : A , norqi.de MN a n d compare.
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Extendto-umslandindnch
I s s u e : pocine t y p e

- c h a r ' d by i n t r o .

AN} ( m ) ? H Na?+az ( M ) ?

eg) HNAi ta r
= HN^¥¥^£

t h i s ?

H No = o f #

I s s u e : wllotent t e r m s
n f ' s c a n be neutral,

a n d therefore net c a r p a l .

i . X HNf empty X

X HNI.tn. s u m X
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Negative c a s e : HN ? " : #→ A Z
( x ) e t c

A i → A ,

Pos i t ive c a s e : Huf'
" ° ( x ) . HNDXA.tk (× )

A t A z

F T L R :

e ) i n t o r u l e s m u s t be
v a l i d .

HNI ( M i l s H NSA,+ A z ( ¥ . )
#

-

2) e l i m r u l e s m u s t be v a l i d .

AN} ( ? ) > HNL (cadacm))

H Nafta. (M) and (HNa?!!!)>
AN} (Aik) M.)).

'
'

' z

a n d 2 M -

imply HN?a (Cada, CF;
x . Mi; x . Ma))
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u : i = . . . I cada ( U ) I cada ( U ; x . M i ; x . Me )

Cada ( 1 . N i ;
X . M i ; x . Ma) i s [ N i k ] M .

I w h r e d .

HNf (M) i f f M n o smp

( n o other requirements)

H Natta, (M) i f f (def)

1) M norms
(sufficient! M " ""%

))
¥¥""

2) i f M E l . Mi, t h e n H
Nad, (NM,) V fo rcay.

N Ipas-de-deux.

3) if M r # 2 - M a , then
Hwa} (Ma)

/

/ first
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HEI (cada ( u ) ) i f HE#+ A z ( n )

H E } (und Ac u ; X . M y X-Ma ) ) i f

H E # * A z ( n ) ,
M i normp M , normp .

Feet HE'a (u ) inplice
U n o rm p .

"fifEIIIIinplies H u i '
z , H Nsa(M) implies

M n o r m p .

I f exe rc i se - above t w o c a s e s a
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FTLRCnew-caas3CE@J-
1.If I t n I i ( M i ) t h e n HNA?+A , b'-Mi) ( i n )

2 , I f HA} (M) t h e n HNL Cada ( M ) ) .

3 . I f

a ) HNL,tAz ( M )
b ) HNL. ( N i ) 3 H N I (LMK]Mi.)

c ) H N L (Nz) 0 AN } ( [ N a h ] M a )

t h e n

HNE (adf.CM; x . M , ; x . Ma ) ) .
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E I D e f i n e HNfat ( M ) a n d p rone F i v e

c a s e s f o r N a t .

→ fo l l ow t w o h i n t s :

1 . proceed a e u l s u m s .

2 . T a r s k i .

Coun t
(M) t F t w ) .

(optional: before
AND
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t.ie?.itIiiiIE#asm-aeioaeeie
a

deterministic procedure t o f i n d t h e n o r m a l

f o r m o f a well-typed open t e r m

n o r m a l i z e
M : A H N [ s ]

MIU:#Is] n e u t r a l i z e . .

ItMApresupposed
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i ÷ i ÷ e
t a n n i c "

- ,
i -

"÷ : ÷ : ÷⇒ i i #¥±
'

'not c a m .

m-F.i.fi?ifaY?u-#fix.
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xf.ACC.xi.AT#N7YN3:zCsT]

÷÷÷i÷÷÷÷t.ii.IE#iiiiiiE
→ "bid i rect ional t . c i " i s b u i l t - i n !
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E I E x t e n dalg.to/t@ExEx t e n d to Na t , c o N a t

z

N¥f¥ c a s e a . m ;
- ) → p f u k ) -

z e e ( z e r o ) - ) →
p . . . . . .

n-principles express unicity propertiesxiz-r~HIII.ae#-
mm=*affgn:AMAi
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"Logical Re l a t i o n s " a r i s e s f r o m :

{
H

Na,-1 A z = H NA, → H N a ,

type con s t r u c to r -
a k a logical connectier

a f t o n candidates/logical predicates

N e x t : t e rm i na t i on f o r F .

→
playfutandidates.

→ c e n t r a l t o parametricity.
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negative answers-(posit ive)
4M¥21
Termina t ion f o r

I T {INT (system F )

A i . = X 1 A , → A z / V X . A

[variables [function [polymorphic

M : : = x / 7A, (x.Mc) (a f (Ma,M a )
I

nx.nl?hfIi#aamF'"
*
abstraction. type application

T t o M : A eg) to 2×6.x ) : X→ X .

test"of type va r ' s x : X tax":X
i t

=
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FYI t h e polymorphic encodings a r i s e f r o m

Ta r s k i ' s T h u n a b o u t i n d u c t i v e de f in i t i ons !

N = F X . X → ex- s x> → × .
r

= x x ( ( i t s ) → x ) → x .

L f x ( ( ¥ 1 x C X→ x ) ) → X .

of (x) = I t X . " t h e operator" a . x A z 6

F X (A,→A¥y
yx(oICxhX) → X - i

→ x .
- -

" i n i t i a l F-algebra" F paxon matching

leas t E-c losed s e t
.
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Wtf I f a toy M : 2 , t h e n M t > * Y, N .

G e n e r a l i z e : o f any
t e r m .

1 . Open t e r m s
v i a closing a s s t ' s

✓

2 . Hereditary t e rm i n a t i o n
M E . A .

-

Proven I f S t s M : A , t h e n T % M E A

-

-

- -

who i s , f o r a l l 8 E t 8 ¥ A : .
=

-

Wl s , f o r 8. : ? f o r a l l 8 E SHT)...

* ( E lm) ) E AC A )

Mar 2-4 2021 17 of 25



Define M E A f u r closed M , closed A , M . - A .

1) M E 2 i f f M t s A Y o r N . ✓

2) M f A L A I i f f .

i f M , E A , t h e n a t CM,
M i ) E 1 2 . .

✓

3) M E f - I . A i f f
=

f o r a l l
B- closed A t CM,B ) E

CBN] A .

w h a t ' s t h e problem?
=

M E A i s n o t (obviously)

well-defined.
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Notice F X . ! = A . [AH] X = A- .

M e t X . X ⇒ Af (M, A )
E I X . X .

- #

M E V-X.at#A-pCM, A ) E A - S A
a - Xx→xhExx→x)

"Impredicatve Quantification"
↳ Russe l l

Range o f type quantification
i n c l u d e s

i t s e l f ! " q u a s i
"

Mar 2-4 2021 19 of 25



W h a t t o d o ? →
Rus s e l l

1 . monster-barring : predicate quantification.

F quantifies o v e r non-quantified types

I i t e r a t e to any " l e v e l "

2 . L i v e w i t h i t - G i r a r d ' s Method

B u t h ow ?

A type i s n o t a piece
of syntax!

A type i s a behaved specification
i . e , a CAND IDATE .
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key i d e a : t he re a r e many m o r e

b e h a v i o r a l spec's ( a k a cand ida tes )

t h a n c a n be deno ted by a t y pe expr.

2W.µ ←
"possible types"
a k a spec's .

Type theory
i s not a s e t of rules,

i e , a
formalism!
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A candidate f o r a closed type A i s a

s e t o f c l o sed t e r n s o f t y p e A c l o s ed

u n d e r head expansion
M E C M ' A M ⇒ m ' c . C

A candidate assignment o n E S : A

i s a mapping X t s C c a n d f o r 8 ( x )

f o r e a c h X E I

1 . Re -de f i ne hereditary t e r m .

2 . R e - s t a t e F T L R f o r F .
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T h e I f C t , M : A , t h e n µ E A .

.

f o r a l l i s : S

f o r a l l n E 8 : S

f o r a l l 8 E f [ n I

* (ECM)) E A I n ] .
-

N I n g s u b s t f o r S, A !

Mar 2-4 2021 23 of 25



Def M E A E n ] f o r closed M a n d

open
A S t E V A ) E d o r n M :

1) M E X C n ] i f f M E M CX.).

2 ) M E 2 IT] i f f M H
* I , I .

3 ) M E A t A z C M ]
i f f

m , E A ,
c m ) implies a t CM,4 ) E A , Ea)

4) M E V I A (m ) i f f

f o r a l e c closed f o r
aee.cef.in#i&

(Ap(M, C) E A [M IX#C] ]

Mar 2-4 2021 24 of 25



Notice 1 Cand ( A ) l = z
' A l .

a l l possible
w h e n I de f i ne CandCA) a s candidates,

you a r e accepting the e x i s t e n c e o f

p ( w ) .
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